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WHITTAKER FUNCTIONS FROM MOTIVIC CHERN CLASSES
LEONARDO C. MIHALCEA AND CHANGJIAN SU,
WITH AN APPENDIX JOINT WITH DAVE ANDERSON
Abstract. We prove a ‘motivic’ analogue of the Weyl character formula, computing the Euler
characteristic of a line bundle on a generalized flag manifold G/B multiplied either by a motivic
Chern class of a Schubert cell, or a Segre analogue of it. The result, given in terms of Demazure-
Lusztig (D-L) operators, recovers formulas found by Brubaker, Bump and Licata for the Iwahori-
Whittaker functions of the principal series representation of a p-adic group. In particular, we obtain
a new proof of the classical Casselman-Shalika formula for the spherical Whittaker function. The
proofs are based on localization in equivariant K theory, and require a geometric interpretation of
how the Hecke dual (or inverse) of a D-L operator acts on the class of a point. We prove that the
Hecke dual operators give Grothendieck-Serre dual classes of the motivic classes, a result which
might be of independent interest. In an Appendix joint with Dave Anderson we show that if the
line bundle is trivial, we recover a generalization of a classical formula by Kostant, Macdonald,
Shapiro and Steinberg for the Poincare´ polynomial of G/B; the generalization we consider is due
to Akyıldız and Carrell and replaces G/B by any smooth Schubert variety.
1. Introduction
Let G be a complex Lie group. Among the most influential formulas in mathematics is the Weyl
character formula for an irreducible representation of G of weight λ. For the purpose of this paper
we consider the following version of this formula. Let T ⊂ B ⊂ G be a Borel subgroup containing a
maximal torus. Let X := G/B be the generalized flag manifold and Lλ := G×
B Cλ the line bundle
having fibre of weight λ over 1.B. Then the Weyl character formula expresses the character of the
virtual representation
(1) χ(X,Lλ) =
∑
i
(−1)ichTH
i(X,Lλ)
as the Demazure operator ∂˜w0 for the longest element w0 in the Weyl group of (G, T ) applied to the
character eλ:
χ(X,Lλ) = ∂˜w0(e
λ).
We refer to §2.4 for precise definitions. There are many proofs of this formula, and some of the earliest
involved variants of the localization in KT (X), the T -equivariant K-theory of X ; see e.g. [Dem70,
Dem74, Nie74]. The goal of this paper is to study a generalization of the Euler characteristic in
(1) in the case when Lλ is replaced by MCy(X(w)
◦)⊗ Lλ, the multiplication of Lλ by the motivic
Chern class of a Schubert cell X(w)◦ ⊂ X .
The motivic Chern transformation, defined in [BSY10], and extended to the equivariant case in
[FRW, AMSS19], is a group homomorphismMCy : G
T
0 (var/X)→ KT (X)[y] from the Grothendieck
group of equivariant varieties and morphisms overX , modulo the scissor relations, to the equivariant
K-theory ring of X , to which one adjoins a formal parameter y. The transformation is determined
by a functoriality property, and the normalization
MCy[idX : X → X ] = λy(T
∗
X) :=
∑
yi[∧iT ∗X ],
in the case when X is smooth; see §4. The right hand side is called the λy-class of X , and it was
used to study Riemann-Roch type statements; cf. e.g. [Hir95].
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It turns out that a variant of the equivariant Euler characteristic χ(X ;MCy(X(w)
◦)⊗Lλ) recovers
classical and more recent formulas for Iwahori-Whittaker functions associated to the principal series
representation of a p−adic group [Ree93, BBL15, LLL17]. While this paper will not enter into the rich
theory of Whittaker functions, our goal is to provide a geometric origin of the formulas from loc.cit,
along with efficient proofs, based on equivariant localization. In fact, geometric interpretations
(a posteriori) closely related to ours were already present in both Reeder’s and Brubaker, Bump
and Licata’s papers; we believe that our treatment based on the theory of motivic Chern classes
simplifies, and provides a natural context, for the results in loc.cit.
We now give a brief description of our main results. Let W be the Weyl group of (G, T ), and for
w ∈ W let X(w)◦ := BwB/B denote the Schubert cell. Its motivic Chern class is MCy(X(w)
◦) :=
MCy[X(w)
◦ →֒ X ], i.e. the class associated to the inclusion of the cell inX . For each simple roots αi,
let ∂i : KT (X)→ KT (X) denote the usual Demazure operator, and consider two Demazure-Lusztig
operators acting on KT (X)[y]:
Ti := (1 + yLαi)∂i − id; T
∨
i := ∂i(1 + yLαi)− id.
Both operators satisfy the braid relations and the usual quadratic relations in the Hecke algebra
of W ; cf. [Lus85], see also Prop. 2.4 below. They are adjoint to each other with respect to the
K-theoretic Poincare´ pairing. Localization at the point 1.B ∈ X induces an algebraic version of
these operators, defined on KT (pt)[y] = R(T )[y], the representation ring of T , to which one adjoins
y. It eλ ∈ R(T ) is a character, the algebraic operators are:
T˜i = (1 + ye
αi)∂˜i − 1, and T˜∨i = ∂˜i(1 + ye
αi)− 1,
where ∂˜i(e
λ) := ∂i(Lλ)|1.B (localization at 1.B). Since the braid relations hold, both types of op-
erators can be defined for any element w ∈ W . Our main result is the following (cf. Theorem 5.1
below).
Theorem 1.1. Let eλ be any character of T and let Lλ := G×
B Cλ be the associated line bundle.
Then the following hold:
(a) χ (X,Lλ ⊗MCy(X(w)
◦)) = T˜∨w (e
λ);
(b) Let λy(id) :=
∏
α>0(1+ye
α) denote the equivariant λy class of the cotangent space T
∗
idX, and
denote by
MC′y(X(w)
◦) := λy(id)
MCy(X(w)
◦)
λy(T ∗X)
;
this is an element in an appropriate localization of KT (X)[y]. Then
χ
(
X,Lλ ⊗MC
′
y(X(w)
◦)
)
= T˜w(e
λ).
This theorem implies several known formulas. For instance, the element T˜w(e
λ) from the right
hand side of (b) is precisely the Iwahori-Whittaker function from [BBL15, Thm.A]. By the normal-
ization property of motivic classes,
∑
w∈W MCy(X(w)
◦) = λy(T
∗
X), thus summing over all w ∈ W
in part (b), and by the Weyl character formula, one obtains
λy(id) · ∂˜w0(e
λ) = λy(id) · χ(X,Lλ) =
∑
w
T˜w(e
λ);
this is the classical Casselman-Shalika formula for the spherical Whittaker function [CS80, Thm. 5.4].
More recent proofs of this formula were obtained in [BBL15, Thm. 4], in relation to geometry of
Bott-Samelson varieties, and [SZZ17, §8.6], which uses the K-theoretic stable bases on the cotangent
bundle T ∗X . The same normalization property applied to part (a) implies that∑
w∈W
T˜∨w (e
λ) = χ(X,Lλ ⊗ λy(T
∗
X)).
This interpretation appeared in Reeder’s paper [Ree93], and he proves it using localization techniques
- the Lefschetz fixed point formula for a certain left multiplication morphism on X . (The use of this
formula in a similar context goes back at least to Macdonald [Mac72].) In fact, Reeder obtained two
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cohomological interpretations, the other one in terms of certain local cohomology groups and the
Cousin-Grothendieck complex; it would be very interesting to see if similar local cohomology groups
are related to cohomology groups Hi(X ;Lλ ⊗MCy(X(w)
◦)).
The proof of part (a) is based on the fact proved in [AMSS19] that MCy(X(w)
◦) = Tw−1(ιid),
where ιid ∈ KT (X) is the class of the (equivariant) structure sheaf of the point 1.B. Once this
formula is available, the proof is extremely fast: the left hand side is given by the K-theoretic
Poincare´ pairing 〈Lλ, Tw−1(ιid)〉, which by adjointness of Tw−1 and T
∨
w equals to
〈T ∨w (Lλ), ιid〉 = T˜
∨
w (e
λ).
We refer to the proof of Theorem 5.1 for the full details. The proof of part (b) is completely similar,
but it requires the identification of the class corresponding to the operator T ∨w . It was proved in
[AMSS19] that the inverse of this operator gives an analogue of the dual Segre class for motivic
Chern classes; cf. (9) below. Therefore this problem required us to consider the standard involution
in the Hecke algebras Tw 7→ Tw := T
−1
w−1 and analyze how the resulting operators are related to
motivic Chern classes.
The answer turned out to be related to the Grothedieck-Serre duality operator. Recall that this
operator is defined by D(−) := RHomX(−, ω
•
X), where
ω•X = ωX [dimX ] = (−1)
dimXL2ρ
is the shifted canonical bundle and ρ is half the sum of positive roots. We extend it to KT (X)[y, y
−1]
by requiring that D(yi) = y−i. We proved in proposition 3.2 that
Tw = D ◦ Tw ◦ D
as operators in KT (X)[y, y
−1]. Then the following theorem answers our question above and it may
be of independent interest; see Theorem 4.2 below. To state it, let Y (w)◦ = B−wB/B be the
opposite Schubert cell, defined with respect to the Borel group B− = w0Bw0; let ιw0 be the class
of the structure sheaf of the point 1.B−; and let λy(w0) be the equivariant λy-class of T
∗
w0X , the
cotangent space at 1.B−.
Theorem 1.2. For any w ∈ W ,
D(MCy(X(w)
◦)) = Tw−1(ιid);
MCy(Y (w)
◦)
λy(T ∗X)
=
1
λy(w0)
T ∨(w0w)−1(ιw0 ).
In particular,
D(MCy(Y (w)
◦)) = T(w0w)−1(ιw0 );
MCy(X(w)
◦)
λy(T ∗X)
=
1
λy(id)
T ∨w−1(ιid).
Another application of the localization formula for motivic Chern classes is obtained in an Appen-
dix joint with Dave Anderson. It turns out that if Lλ is trivial, then χ(X ;MCy(X)) = χ(X ;λy(T
∗
X))
can be calculated in two ways: on one side it yields the Poincare´ polynomial of X ; on the other
side one can use the localization theorem. The result is a formula for the Poincare´ polynomial of X ,
stated in Corollary A.3 below.
Theorem 1.3. Let w ∈ W be a Weyl group element such that the Schubert variety X(w) ⊂ G/B is
smooth. Then the Poincare´ polynomial of X(w) satisfies the equality
P (X(w), q) =
∑
v≤w
qℓ(v) =
∏
α>0,sα≤w
1− qht(α)+1
1− qht(α)
,
where ℓ(w) denotes the length of w, and ht(α) is the height of the root α.
This version of the formula was proved by Akyıldız and Carrell [AC12], and it has distinguished
history, going back to Kostant [Kos59], Macdonald [Mac72], Shapiro and Steinberg [Ste59], who
proved it for X(w) = X . In fact, we deduce it from a slightly more general statement about
projective manifolds with a very special Gm action (Theorem A.1).
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2. Preliminaries
In this section, we recall basic facts about the equivariant K theory ring, focusing eventually to
the case of flag variety. Our main references are [CG09, Nie74, Lus85].
2.1. Equivariant K theory and equivariant localization. Let X be a projective complex man-
ifold with an action of a group H . The equivariant K theory ring KH(X) is the Grothendieck ring
generated by symbols [E], where E → X is an H-equivariant vector bundle, modulo the relations
[E] = [E1]+[E2] for any short exact sequence 0→ E1 → E → E2 → 0 of equivariant vector bundles.
The additive ring structure is given by direct sum, and the multiplication is given by tensor products
of vector bundles. Since X is smooth, the ring KH(X) coincides with the Grothendieck group of
T -linearized coherent sheaves on X . Indeed, any coherent sheaf has a finite resolution by vector
bundles.
The ring KH(X) is an algebra over KH(pt) = R(H), the representation ring of H . Later we
will consider two situations: when H := G is a complex simple Lie group, and when H := T is a
maximal torus in G. In the second situation the representation ring is the Laurent polynomial ring
KT (pt) = Z[e
±t1 , . . . , e±tr ] where eti are characters corresponding to a basis of the Lie algebra of
T . This ring admits an action of the Weyl group W := NG(T )/T , and then KG(pt) := KT (pt)
W is
the Weyl invariant part. An introduction to equivariant K theory, and more details, can be found
in [CG09].
Since X is proper, the push-forward to a point equals the Euler characteristic, or, equivalently,
the virtual representation,
χ(X,F) =
∫
X
[F ] :=
∑
i
(−1)iHi(X,F).
In particular, for E,F equivariant vector bundles, this gives a pairing
〈−,−〉 : KH(X)⊗KH(X)→ KH(pt); 〈[E], [F ]〉 :=
∫
X
E ⊗ F = χ(X,E ⊗ F ).
We recall next a version of the localization theorem in the case when H := T is a complex torus,
which will be used throughout this note. Our main reference is Nielsen’s paper [Nie74]; see also
[CG09]. Let V be a (complex) vector space with a T -action, and consider its weight decomposition
V = ⊕iVµi , where µi is a certain set of weights in the dual of the Lie algebra of T . The character of
V is the element ch(V ) :=
∑
i dimVµie
µi , regarded in KT (pt). If y is an indeterminate, the λy class
of V , denoted λy(V ), is the element
λy(V ) =
∑
i≥0
yich(∧iV ) ∈ KT (pt)[y].
A standard argument shows that for short exact sequences 0 → V1 → V2 → V3 → 0, the λy class is
multiplicative, i.e. λy(V2) = λy(V1)λy(V3). In particular, λy(V ) =
∏
i(1 + ye
µi)dimVµi .
Let S be the subset of KT (pt) generated by elements of the form 1 − e
µ for nontrivial torus
weights µ. Then S ⊂ R(T ) is a multiplicative subset and 0 /∈ S. If the fixed locus V T = {0}, then
S contains the element λ−1(V ) =
∏
(1− eµi)dimVµi .
Let now X be a smooth, projective variety with a T -action, and assume that the fixed point set
XT is finite. For each fixed point x ∈ XT , denote by TxX the tangent space. This is a vector space
with a T -action induced from that on X . Any T -linearized coherent sheaf F on X determines a
class [F ] ∈ KT (X). If F = E is a locally free sheaf, its λy class is λy(E) =
∑
yi[∧iE] ∈ KT (X)[y];
as for vector spaces, this class is multiplicative for short exact sequences. For each x ∈ XT , let
ix : {x} → X denote the inclusion. This is a T -equivariant proper morphism, and it induces a map
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i∗x : KT (X) → KT ({x}) = KT (pt). Denote by KT (X)loc respectively KT (pt)loc the localization of
KT (X) and of KT (pt) at S. Since R(T ) is a domain, we may identify KT (X) with a subring inside
its localization. We need the following simplified version of the localization theorem; cf. [Nie74].
Theorem 2.1. Let N be the normal bundle of XT in X. Then the following hold:
(a) The class λ−1(N
∨) is a unit in KT (X)loc;
(b) When x varies in XT , the structure sheaves ιx := [Ox] of the fixed points form a KT (pt)loc-
basis of KT (X)loc;
(c) For any T -linearized coherent sheaf F on X, the following formula holds:
χ(X,F) =
∑
x∈XT
ι∗x[F ]
λ−1(T ∗xX)
∈ KT (pt)loc.
This theorem implies in particular that if E → X is a T -equivariant vector bundle over X then
(2) χ(X,λy(E)) =
∑
x∈XT
λy(Ex)
λ−1(T ∗xX)
∈ KT (pt)loc[y].
2.2. Flag varieties. Let G be a complex, simply connected, Lie group with a Borel subgroup B and
a maximal torus T ⊂ B. Denote by B− the opposite Borel subgroup. As before, let W := NG(T )/T
be the Weyl group, and ℓ :W → N the associated length function. Denote by w0 the longest element
in W ; then B− = w0Bw0. Let also ∆ := {α1, . . . , αr} ⊂ R
+ denote the set of simple roots included
in the set of positive roots for (G,B). Let ρ denote the half sum of the positive root. The simple
reflection for the root αi ∈ ∆ is denoted by si and the minimal parabolic subgroup is denoted by
Pi, containing the Borel subgroup B.
Let X := G/B be the flag variety. The group G acts by left multiplication, and X is homogeneous
under this action. It has a stratification by Schubert cells X(w)◦ := BwB/B and opposite Schubert
cells Y (w)◦ := B−wB/B. The closures X(w) := X(w)◦ and Y (w) := Y (w)◦ are the Schubert
varieties. With these definitions, dimCX(w) = codimCY (w) = ℓ(w). The Weyl group W admits a
partial ordering, called the Bruhat ordering, defined by u ≤ v if and only if X(u) ⊂ X(v). For any
character λ of the maximal torus, let Lλ := G×
B Cλ ∈ PicT (X).
Let Ow := [OX(w)] be the Grothendieck class determined by the structure sheaf of X(w) (a
coherent sheaf), and similarly Ow := [OY (w)]; both of these are classes in KT (X). The equivariant
K-theory ring KT (X) has KT (pt)-bases {Ow}w∈W and {O
w}w∈W for w ∈ W . Consider next the
localized equivariant K theory ring KT (G/B)loc. The Weyl group elements w ∈ W are in bijection
with the torus fixed points ew ∈ G/B. Let ιw := [Oew ] ∈ KT (G/B) be the class of the structure
sheaf of ew. By the localization theorem 2.1, the classes ιw form a basis for the localized equivariant
K theory ring KT (X)loc; we call this the fixed point basis. Let iw : {ew} → X be the inclusion; then
for any [F ] ∈ KT (G/B), let [F|]|w ∈ KT (pt) denote the pullback i
∗
w[F ] to the fixed point ew.
If nw is a representative for a Weyl group element w, the left multiplication by nw induces an
automorphism Φw : G/B → G/B. This automorphism is not T -equivariant, but it is equivariant
with respect to the conjugation map ϕw : T → T defined by t 7→ nwtn
−1
w . In other words,
Φw(t.gB) = ϕw(t).Φw(gB);
see e.g. [Knu] and [AMSS17, §5.2]. Therefore the pull-back of Φw induces an automorphism Φ
∗
w :
KT (G/B)→ KT (G/B) which twists the representation ring KT (pt) according to ϕ
∗
w. The map ϕ
∗
w
sends a character eχ : T → C∗ to t 7→ eχ(nwtn
−1
w ). This gives a left action by W on KT (pt) denoted
by w.eλ := ew(λ). In particular, the automorphism Φ∗w fixes the W -invariant part KT (pt)
W =
KG(pt). In terms of localizations, we have
Φ∗w([F ])|u = w([F ]|w−1u);
see [Knu] (where a typo is corrected) and also [Tym08, IMN11] for more on Weyl group actions
on equivariant cohomology. This automorphism allows us to permute among the fixed point basis
elements ιw , and also between the classes Ow and O
w. More precisely, for any u,w ∈W ,
ϕ∗wιu = ιw−1u; ϕ
∗
w0Ow = O
w0w;
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the first equality follows because ϕ−1w (eu) = ew−1u, and the second equality because ϕ
−1
w0 (X(w)) =
w0BwB/B = Y (w0w) (recall that w
−1
0 = w0). In what follows we will denote ϕ
∗
w([F ]) simply by
w.[F ].
2.3. Demazure-Lusztig operators. Fix a simple root αi ∈ ∆ and Pi ⊂ G the corresponding
minimal parabolic group. Consider the fiber product diagram:
(3) FP := G/B ×G/Pi G/B
pr1
//
pr2

G/B
pi

G/B
pi
// G/Pi
The Demazure operator [Dem74] ∂i : KT (X)→ KT (X) is defined by ∂i := (pi)
∗(pi)∗. It satisfies
(4) ∂i(Ow) =
{
Owsi if wsi > w;
Ow otherwise .
See e.g. [KK90]. From this, one deduces that ∂2i = ∂i and the operators ∂i satisfy the same braid
relations as the elements in the Weyl group W .
We define next the main operators used in this paper. First, consider the projection pi : G/B →
G/Pi determined by the minimal parabolic subgroup Pi, and let T
∗
pi be the relative cotangent bundle.
It is given by
T ∗pi = Lαi = G×
B
Cαi ,
i.e. it is the equivariant line bundle on G/B with character αi in the fibre over 1.B.
Definition 2.2. Let αi ∈ ∆ be a simple root. Define the operators
Ti := λy(T
∗
pi)∂i − id; T
∨
i := ∂iλy(T
∗
pi)− id.
Since pi is G-equivariant, so is the relative cotangent bundle T
∗
pi , therefore the operators Ti and
Ti
∨ are KG(pt)[y]-module homomorphisms of KG(X); in particular, they are also KT (pt)[y]-module
endomorphisms of KT (X)[y]. These two operators are adjoint to each other, i.e. 〈Ti(a), b〉 =
〈a, T ∨i (b)〉; cf. [AMSS19, Lemma 3.3].
Remark 2.3. The operator Ti
∨ was defined by Lusztig [Lus85, Eq. (4.2)] in relation to affine Hecke
algebras and equivariant K theory of flag varieties. The ‘dual’ operator Ti arises naturally in the
study of motivic Chern classes of Schubert cells; cf. §4 below.
Proposition 2.4 ([Lus85]). The operators Ti and T
∨
i satisfy the usual commutation and braid
relations for the group W . For each simple root αi ∈ ∆ the following quadratic formula holds:
(Ti + id)(Ti + y) = (Ti
∨ + id)(Ti
∨ + y) = 0.
The action of the Hecke operators on the fixed point basis is recorded below; see e.g. [AMSS19,
Lemma 3.7] for a proof.
Lemma 2.5. The following formulas hold in KT (G/B)loc:
(a) For any weight λ, Lλ · ιw = e
wλιw, and χ(G/B, ιw) = 1;
(b) For any simple root αi,
∂i(ιw) =
1
1− ewαi
ιw +
1
1− e−wαi
ιwsi ;
(c) The action of the operator Ti on the fixed point basis is given by the following formula
Ti(ιw) = −
1 + y
1− e−wαi
ιw +
1 + ye−wαi
1− e−wαi
ιwsi .
(d) The action of the adjoint operator T ∨i is given by
T ∨i (ιw) = −
1 + y
1− e−wαi
ιw +
1 + yewαi
1− e−wαi
ιwsi .
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2.4. Demazure-Lusztig operators on KT (pt). Define c : KT (pt) → KG(G/B) by e
λ 7→ [Lλ].
This is an isomorphism of KG(pt)-algebras, with inverse given by ι
∗
id[F ] = [F ]|id, the localization
at 1.B; see e.g. [CG09, Chapter 6]. Now let A : KG(G/B) → KG(G/B) be any KG(pt)-linear
endomorphism. Associated to A one can define the linear map A˜ : KT (pt) → KT (pt) given by
composition
A˜ : KT (pt)
c
// KG(G/B)
A
// KG(G/B)
i∗id
// KT (pt).
The homomorphism A˜ is KG(pt)-linear. Equivalently,
(5) A˜(eλ) = 〈A(Lλ), ιid〉 = A(Lλ)|id.
The last equality holds because by projection formula 〈A(Lλ), ιid〉 =
∫
eid
i∗id(A(Lλ)) = i
∗
id(A(Lλ)).
We record the formulas for the associated Demazure-Lusztig operators from the previous section.
Corollary 2.6. The following hold in EndZ[y]KT (pt)[y]:
∂˜i(e
λ) =
eλ
1− eαi
+
esiλ
1− e−αi
,
T˜i(e
λ) = −eλ
1 + y
1− e−αi
+ esiλ
1 + yeαi
1− e−αi
,
T˜∨i (e
λ) = −eλ
1 + y
1− e−αi
+ esiλ
1 + ye−αi
1− e−αi
.
Remark 2.7. The operator T˜i appeared in [BBL15, Equation (3)] and [LLL17, Section 2], in relation
to Whittaker functions; the operator T˜∨i appeared in [Lus85, Equation (8.1)] (with the opposite
choice of positive roots). Also observe that
T˜i = (1 + ye
αi)∂˜i − 1, and T˜∨i = ∂˜i(1 + ye
αi)− 1.
Proof. By definition and the self-adjointness of ∂i,
∂˜i(e
λ) = 〈∂i(Lλ), ιid〉 = 〈Lλ, ∂i(ιid)〉;
then the result follows from (a) and (b) of the Lemma 2.5.
Since Ti and T
∨
i are adjoint to each other, we obtain
T˜i(e
λ) = 〈Ti(Lλ), ιid〉 = 〈Lλ, T
∨
i (ιid)〉 = −e
λ 1 + y
1− e−αi
+ esiλ
1 + yeαi
1− e−αi
.
The other equality follows similarly. 
3. Serre duality and the Hecke involution
As before, X = G/B. In this section we compare two duality operators. The first is the
Grothendieck-Serre duality operator D(−) := RHomX(−, ω
•
X), where
ω•X = ωX [dimX ] = (−1)
dimXL2ρ
is the shifted canonical bundle. We extend it to KT (X)[y, y
−1] by requiring that D(yi) = y−i;
then D2 = id. Since the canonical bundle ωX is locally free it follows that for a sheaf F on X ,
D(F) := (−1)dimX [F ]∨ ⊗ [ωX ], where [F ]
∨ is calculated by taking a (finite) resolution by vector
bundles, then taking the dual of this resolution. Of course, the same works in the context of
equivariant K theory and equivariant sheaves, using an equivariant resolution by vector bundles
[CG09]. The presence of the vector bundle dual implies that D is not KT (pt)-linear, but it twists
the coefficients in KT (pt) by sending e
λ 7→ (eλ)∨ := e−λ. Since the pull-back induces a ring
homomorphism in equivariant K theory it follows that if ew is a fixed point in X , then
(6) i∗w[D(F)] = (−1)
dimX([F ]|w)
∨ · (ωX)|w.
We need the following Lemma:
Lemma 3.1. For any w ∈ W , D(ιw) = ιw.
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Proof. By the equation (6), it follows that
D(ιw)|u = δw,u(−1)
dimG/B(ιw|w)
∨⊗∧dimX(T ∗ewX) = δw,u(−1)
dimG/B(λ−1(T
∗
ewX))
∨⊗∧dimX(T ∗ewX).
The weights of the cotangent space T ∗ewX are e
wα for α varying over the positive roots. The term
on the right equals
δu,w(−1)
dimX
∏
α>0
(1− e−w(α))×
∏
α>0
ew(α) = δu,w
∏
α>0
(1− ew(α)) = δu,w(ιw)|w.
Combining the two equations shows that D(ιw)|u = δu,w(ιw)|w, from which we deduce the lemma,
by injectivity of the localization map. 
The second duality is determined by an involution on the Hecke algebra. Define:
(7) Tw := T
−1
w−1 ; T
∨
w := (T
∨
w−1)
−1.
We extend the bar operation by requiring y¯ = y−1. The next lemma shows that the Grothendieck–
Serre duality D corresponds to the Hecke involution.
Proposition 3.2. For any w ∈W ,
Tw = D ◦ Tw ◦ D,
as KT (pt)[y]-linear endomorphisms of KT (G/B)[y].
Proof. Start by observing that since the vector bundle duality is an involution, the composition
D◦Tw ◦D is KT (pt)[y]-linear. Then by the KT (pt)[y]-linearity, it suffices to show that the operators
agree on the fixed points basis. Moreover, since D2 = id, we only need to show that for any simple
root αi,
(8) T −1i = D ◦ Ti ◦ D.
By Lemma 3.1, Lemma 2.5(c), and since T −1i = −y
−1(Ti + 1 + y), we have
D ◦ Ti ◦ D(ιw) = D ◦ Ti(ιw)
= D
(
−
1 + y
1− e−wαi
ιw +
1 + ye−wαi
1− e−wαi
ιwsi
)
= −
1 + y−1
1− ewαi
ιw +
1 + y−1ewαi
1− ewαi
ιwsi
= −y−1(Ti + 1 + y)(ιw)
= T −1i (ιw).
This proves equation (8) and finishes the proof of the lemma. 
Remark 3.3. Similar localization techniques can be used to prove that for any w ∈W , the following
equalities of KT (pt)[y]-linear endomorphisms of KT (G/B)[y] hold:
L2ρ ◦ T ∨w ◦ L−2ρ = D ◦ T
∨
w ◦ D
y−ℓ(w)L−ρ ◦ Tw ◦ Lρ = T
∨
w |y→y−1 .
These are closely related to the the formulas for conjugating the algebraic Demazure-Lusztig oper-
ators Tw as in [BBL15, §8], in turn related to the study of certain specializations of non-symmetric
Macdonald polynomials [Ion06].
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4. Motivic Chern classes of Schubert cells and the Hecke operators
We recall the definition of the motivic Chern classes, following [BSY10] and [AMSS19]. For now
let X be a quasi-projective, complex algebraic variety, with an action of T . First we recall the
definition of the (relative) motivic Grothendieck group GT0 (var/X) of varieties over X . This is
the free abelian group generated by symbols [f : Z → X ] for isomorphism classes of equivariant
morphisms f : Z → X , where Z is a quasi-projective T -variety, modulo the usual additivity relations
[f : Z → X ] = [f : U → X ] + [f : Z \ U → X ]
for U ⊂ Z an open invariant subvariety.
The following theorem was proved by Brasselet, Schu¨rmann and Yokura [BSY10, Thm. 2.1] in
the non-equivariant case. Minor changes in arguments are needed in the equivariant case - see
[AMSS19, FRW].
Theorem 4.1. [AMSS19, Theorem 4.2] Let X be a quasi-projective, non-singular, complex alge-
braic variety with an action of the torus T . There exists a unique natural transformation MCy :
GT0 (var/X)→ KT (X)[y] satisfying the following properties:
(1) It is functorial with respect to T -equivariant proper morphisms of non-singular, quasi-projective
varieties.
(2) It satisfies the normalization condition
MCy[idX : X → X ] = λy(T
∗
X) =
∑
yi[∧iT ∗X ]T ∈ KT (X)[y].
If X is understood from the context, and Y is any T -invariant subvariety Y ⊂ X , let MCy(Y ) :=
MCy([Y →֒ X ]) ∈ KT (G/B)[y] denote the motivic Chern class associated to Y .
Return to the situation when X = G/B and denote by λy(w) the λy-class of the cotangent space
T ∗ew(X) at the T -fixed point ew. We have already seen that λy(w) :=
∏
α>0(1+ye
w(α)). It is proved
in [AMSS19, Thm. 5.1] and [AMSS19, Thm. 5.2 and Thm. 7.11] that
(9) MCy(X(w)
◦) = Tw−1(ιid);
D(MCy(Y (w)
◦))
λy(T ∗X)
=
1
λy(w0)
(T ∨w0w)
−1(ιw0).
Further, as a consequence of the Poincare´ duality for the K-theoretic stable envelopes [OS16, Propo-
sition 1], it is proved in [AMSS19, Theorem 7.11] that
(10) 〈MCy(X(u)
◦),
D(MCy(Y (v)
◦))
λy(T ∗X)
〉 = δu,v(−y)
ℓ(v)−dimX .
A natural question is what are the classes generated by the operators T w and T ∨w defined in (7).
The next theorem gives the answer.
Theorem 4.2. For any w ∈ W ,
D(MCy(X(w)
◦)) = Tw−1(ιid);
MCy(Y (w)
◦)
λy(T ∗X)
=
1
λy(w0)
T ∨(w0w)−1(ιw0 ).
In particular,
D(MCy(Y (w)
◦)) = T(w0w)−1(ιw0 );
MCy(X(w)
◦)
λy(T ∗X)
=
1
λy(id)
T ∨w−1(ιid).
The proof will use the following lemma, proved in [AMSS19, Prop. 3.5].
Lemma 4.3. Let u, v ∈W be two Weyl group elements. Then
Tu · (Tv)
−1 = cuv−1Tuv−1 +
∑
w<uv−1
cw(y)Tw,
where cw(y) is a rational function in y. If ℓ(uv
−1) = ℓ(u) + ℓ(v−1), then cuv−1(y) = (−y)
−ℓ(v).
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Proof of Theorem 4.2. The equalities on the second row follow from those on the first row after
applying the automorphism obtained by left multiplication by w0 (cf. §2.2 above). To prove the first
equality in the first row, observe that by Lemma 3.1 and Proposition 3.2,
(11) Tw−1(ιid) = D ◦ Tw−1 ◦ D(ιid) = D(MCy(X(w)
◦)).
It remains to prove the second equality. We essentially rewrite the proof of [AMSS19, Thm. 5.2],
and for completeness we include the details. Observe that the class Tu(ιid) is supported on the
Schubert variety X(u−1), thus its expansion into Schubert classes contains only classes Ov where
v ≤ u−1. In addition, 〈Ov, ιw0〉 = 0 for v < w0. Therefore, 〈Tu(ιid), ιw0〉 = 0 for u < w0. Then by
adjointness,
〈Tu−1(ιid), T
∨
(w0v)−1
(ιw0)〉 = 〈(Tw0v · (Tu)
−1)(ιid), ιw0 〉.
By Lemma 4.3 the last quantity is nonzero only if u = v, and in this case, using for instance
[AMSS19, Prop. 6.1 (b)] we obtain that
〈(Tw0v · (Tu)
−1)(ιid), ιw0〉 = (−y)
−ℓ(u)〈Tw0vu−1(ιid), ιw0〉
= (−y)−ℓ(u)〈Tw0vu−1(ιid), ιw0〉
= (−y)−ℓ(u)〈MCy(X(w0)
◦), ιw0 〉
= (−y)−ℓ(u)MCy(X(w0)
◦)|w0
= (−y)−ℓ(u)λy(w0).
Combining the previous two equalities and the equation (11) we obtain that
〈D(MCy(X(u)
◦)),
1
λy(w0)
T ∨(w0v)−1(ιw0)〉 = δu,v(−y)
−ℓ(u).
On the other side, observe that the left Weyl group multiplication commutes with the Grothendieck-
Serre duality D, it fixes both y and λy(T
∗
X) (since T
∗
X is a G-equivariant bundle), and it satisfies
w0.MCy(Y (w)
◦) = MCy(X(w0w)
◦). Then by definition of the pairing and by equation (10) we
obtain
〈D(MCy(X(u)
◦)),
MCy(Y (v)
◦)
λy(T ∗X)
〉 = 〈MCy(Y (v)
◦),
D(MCy(X(u)
◦))
λy(T ∗X)
〉
= δu,v(−y)
ℓ(w0u)−dimX
= δu,v(−y)
−ℓ(u).
Combining the last two equations, and since the Poincare´ pairing is non-degenerate, it follows that
MCy(Y (v)
◦)
λy(T ∗X)
=
1
λy(w0)
T ∨(w0v)−1(ιw0 ),
as claimed. 
5. Character formulas
5.1. Demazure character formula and Whittaker functions. For simplicity of notation, de-
note by
MC′y(X(w)
◦) := λy(id)
MCy(X(w)
◦)
λy(T ∗X)
=
∏
α>0
(1 + yeα)
MCy(X(w)
◦)
λy(T ∗X)
.
Then, by Theorem 4.2, MC′y(X(w)
◦) = T ∨w−1(ιid). We now prove the main result of this note.
Theorem 5.1. For any weight λ of T and for any w ∈ W , the following hold:
(12) χ(X,Lλ ⊗Ow) = ∂˜w(e
λ),
(13) χ (X,Lλ ⊗MCy(X(w)
◦)) = T˜∨w (e
λ),
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and
(14) χ
(
X,Lλ ⊗MC
′
y(X(w)
◦)
)
= T˜w(e
λ).
Remark 5.2. The methods in this paper do not give information about the individual cohomology
groups Hi(X,Lλ ⊗ Ow), so the equation (12) may be regarded as a virtual Demazure character
formula; the usual formula requires that λ is dominant, thus all higher cohomology groups vanish
[Dem74, And85, MR85]. Another (minor) difference is that we regard Lλ⊗Ow as a class in KT (X),
rather than restricting Lλ to the Schubert variety X(w). Nevertheless, the K-theoretic push-forward
of the inclusion map i : X(w)→ X satisfies i∗[OX(w)] = Ow (since it is a closed embedding), thus by
the projection formula χ(X(w), i∗Lλ) = χ(X,Lλ ⊗Ow). Similar considerations apply to the Euler
characteristics from equations (13) and (14).
Remark 5.3. The right hand side of the equation (14) is the Iwahori–Whittaker function, see [BBL15,
Theorem A].
Proof. The proof relies on the fact that the Euler characteristic to be calculated coincides with the
Poincare´ pairing 〈Lλ, κ〉, where κ is a class given by a version of the Demazure-Lusztig operators.
Then one can employ various adjointness properties of these operators to easily conclude the proof.
We start with the first equality. By formula (4), and since the operators ∂i’s are self adjoint, we
have
χ(X,Lλ ⊗Ow) = 〈Lλ,Ow〉 = 〈Lλ, ∂w−1(ιid)〉
= 〈∂w(Lλ), ιid〉
= ∂˜w(e
λ),
where the last equality follows from Equation (5).
To prove the second equality, recall that the operators Ti and T
∨
i are adjoint to each other. Hence,
χ (X,Lλ ⊗MCy(X(w)
◦)) = 〈Lλ,MCy(X(w)
◦)〉 = 〈Lλ, Tw−1(ιid)〉
= 〈T ∨w (Lλ), ιid〉
= T˜∨w (e
λ),
where the last equality follows from Equation (5). The third equality can be proved in the same
way, using that MC′y(X(w)
◦) = T ∨w−1(ιid), by Theorem 4.2. 
Summing over all the Weyl group elements, we get
Corollary 5.4. For any λ ∈ X∗(T ), we have∑
w
T˜∨w (e
λ) =
∑
w
ewλ
∏
α>0
1 + yewα
1− ewα
,
and ∑
w
T˜w(e
λ) =
∏
α>0
(1 + yeα)∂w0(e
λ) =
∏
α>0
(1 + yeα)
∑
w
ewλ∏
α>0(1− e
wα)
.
The second formula is the Casselman–Shalika formula for the spherical Whittaker function [CS80,
Thm. 5.4]; see also [BBL15, Thm. 4] and [SZZ17, §8.6].
Proof. Since
∑
wMCy(X(w)
◦) = λy(T
∗
X), using the localization formula (2) we obtain:∑
w
T˜∨w (e
λ) =
∑
w
χ (X,Lλ ⊗MCy(X(w)
◦))
= χ(X,Lλ ⊗ λy(T
∗
X))
=
∑
w
ewλ
∏
α>0
1 + yewα
1− ewα
.
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Similarly, and using now that
∑
wMC
′
y(X(w)
◦) = λy(id) · 1, we obtain that∑
w
T˜w(e
λ) =
∑
w
χ
(
X,Lλ ⊗MC
′
y(X(w)
◦)
)
=
∏
α>0
(1 + yeα)χ(X,Lλ)
=
∏
α>0
(1 + yeα)
∑
w
ewλ∏
α>0(1 − e
wα)
.
This finishes the proof. 
Appendix. On a formula of Akyıldız and Carrell
with David Anderson
In this appendix, we give a product formula for the Poincare´ polynomial of a very special type
of projective manifold X . Our main examples are smooth Schubert varieties in a (Kac-Moody)
complete flag variety G/B. In this context, the formula has been reproved many times: when
X = G/B is a finite-dimensional flag variety, it was proved by Kostant [Kos59], Macdonald [Mac72],
Shapiro and Steinberg [Ste59]; a refinement to include the case where X = X(w) is a smooth
Schubert variety was given by Akyıldız and Carrell [AC12]. Our aim is to show how this formula
fits into the framework of motivic Chern classes.
Our setup is similar to that of [AC12], but where these authors use the language of “B-regular
varieties” and results about the cohomology rings of such spaces, we will deduce the formula directly
from basic properties of motivic Chern classes, using Gm-equivariant localization.
Let X be a d-dimensional nonsingular projective variety over an algebraically closed field of
characteristic 0, and suppose Gm acts with finitely many fixed points. By the Bia lynicki-Birula
decomposition [BB73] (see also [Bri97, §3.1]),
X =
∐
p∈XGm
U(p),
where each cell U(p) is the attracting set of the fixed point p, and is isomorphic to some affine space,
U(p) ∼= Aℓ(p). For each fixed point p ∈ XGm , the weights of Gm acting on T
∗
pX form a multi-set of
nonzero integers
N(p) = {n1(p), . . . , nd(p)}.
It follows from the decomposition that there is a unique “lowest” fixed point p◦ ∈ X
Gm such that
the corresponding cell U(p◦) is Zariski open in X . At this point, the weights set N(p◦) consists of
positive integers; we will write
ni := ni(p◦)
for these weights. (Likewise, there is a unique “highest” fixed point p∞ such that N(p∞) consists
of negative integers, but we will not need this.)
We make the following (very restrictive) assumption:
(∗) For each fixed point p 6= p◦, we have −1 ∈ N(p).
Let A∗(X)Q denote Chow groups (with rational coefficients), bi(X) = dimAi(X)Q the ith Betti
number, and P (X, q) =
∑d
i=0 bi(X) q
i the Poincare´ polynomial. Here is our formula.
Theorem A.1. Let X be a nonsingular projective variety, with Gm acting with finitely many fixed
points, satisfying (∗). Then
P (X, q) =
∑
p∈XGm
qℓ(p) =
d∏
i=1
1− qni+1
1− qni
.
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The idea of the proof is to calculate the Poincare´ polynomial in two ways: on one side this is the
same as the integral of the λy class of X , and on the other side the λy class can be calculated by
equivariant localization.
We start with the following simple observation, which is implicit in [AMSS19]; see also [MS15,
§3.1].
Lemma A.2. Let U ⊆ X be locally closed subset which is isomorphic to an affine cell, U ∼= Aℓ.
Then
∫
X MCy(U) = (−y)
ℓ.
Proof. By functoriality, the integral equals MCy[U → pt] =MCy[(A
1)ℓ → pt]. We now use the fact
that the motivic Chern transformation commutes with exterior products by [BSY10, Cor. 2.1] in
the non-equivariant case and [AMSS19, Eq. (15)] equivariantly. Then
MCy[(A
1)ℓ → pt] =MCy[A
1 → pt]ℓ = (−y)ℓ,
where the last equality follows from an explicit calculation of MCy[A
1 → pt] = MCy[P
1 → pt] −
MCy[pt → pt]. (The result is independent of the equivariant parameters, even though the classes
involved depend on them.) 
Proof of Theorem A.1. The Bia lynicki-Birula decomposition makes X into a scheme with a cellular
decomposition. Then its Poincare´ polynomial is given by:
P (X, q) =
∑
p∈XGm
qℓ(p);
see, e.g., [Bri97, §3, Corollary 1(iii)]. By lemma A.2 and additivity of motivic Chern classes it follows
that the integral of the λy class of X can be calculated as∫
X
λy(T
∗
X) =MCy[X → pt] =
∑
p
MCy[U(p)→ pt] =
∑
p
(−y)ℓ(p).
Hence, P (X, q) =
∫
X
λ−q(X). On the other hand, since X is smooth, we may compute this integral
by localization. Writing ip : p →֒ X for the inclusion of a fixed point, we have
i∗pMCy[id : X → X ] = λy(T
∗
pX),
where T ∗pX is the cotangent space at p. Then, by Theorem 2.1,
(A.1)
∫
X
λy(T
∗
X) =
∑
p∈XGm
λy(T
∗
pX)
λ−1(T ∗pX)
=
∑
p∈XGm
d∏
i=1
1 + yqni(p)
1− qni(p)
in KGm(pt)[y] = Z[q
±1, y], writing q for a coordinate on Gm.
Since
∫
X λy(T
∗
X) ∈ Z[y] does not depend on q, we may compute it by any specialization of q.
Under the specialization q = −y, only the term corresponding to p = p◦ survives on the right-hand
side of (A.1), since for p 6= p◦, there is some ni(p) = −1. The p◦ term specializes to
d∏
i=1
1− qni+1
1− qni
,
and the theorem follows. 
The requirement (∗) is quite restrictive: for instance, in the case d = 2, X must be either P2
or a rational ruled surface. (One checks that for 0 < a ≤ b, the rational function [(1 − qa+1)(1 −
qb+1)]/[(1 − qa)(1 − qb)] is a polynomial if and only if (a, b) is one of (1, 1), (1, 2), or (2, 3), and the
last cannot occur for a projective surface.)
However, Schubert varieties are examples. Here we consider a Kac-Moody group G, with Borel
subgroup B and maximal torus T , and corresponding simple roots {αi}. If β =
∑
miαi is any root,
its height is
ht(β) :=
∑
mi.
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Continuing notation from the main part of the paper, for each element w of the Weyl group W , we
have Schubert cells X(w)◦ = BwB/B ∼= Aℓ(w), and Schubert varieties X(w) = X(w)◦. Finally, for
any v ≤ w, we write ev ∈ X(w) for the corresponding T -fixed point. (Our reference for Kac-Moody
groups is Kumar’s book [Kum02].)
Corollary A.3. Let X(w) ⊆ G/B be a smooth Schubert variety in a Kac-Moody flag variety. Then
P (X(w), q) :=
∑
v≤w
qℓ(v) =
∏
β>0, sβ≤w
1− qht(β)+1
1− qht(β)
.
Proof. Let ρˇ : Gm → T be a cocharacter such that 〈αi, ρˇ〉 = 1 for each simple root αi. Then for any
root β, we have ht(β) = 〈β, ρˇ〉. Under the restriction homomorphism KT (pt)→ KGm(pt) = Z[q
±1],
one has eβ 7→ qht(β).
By a standard calculation (see, e.g. [AMSS19, Thm. 8.1]), the weights for T acting on the
cotangent space T ∗evX(w) are {v(β) |β > 0 and vsβ ≤ w}, so the corresponding weights for the Gm
action are {ht(v(β)) |β > 0 and vsβ ≤ w}. Since these are all nonzero, we have X
Gm = XT .
To apply the theorem, it suffices to show that whever v 6= id, we have ht(v(β)) = −1 for some
β > 0 such that vsβ ≤ w. Find a simple root αi such that v
−1(αi) < 0, and let β = −v
−1(αi).
Then v(β) < 0, so vsβ ≤ v ≤ w, and therefore v(β) is a cotangent weight. But also v(β) = −αi has
ht(v(β)) = −1. 
In the case where G is finite-dimensional, if one takes w = w0, then X(w) = G/B and Corol-
lary A.3 gives the classical formula for the Poincare´ polynomial of G/B:
P (G/B, q) =
∑
v∈W
qℓ(v) =
∏
α>0
1− qht(α)+1
1− qht(α)
.
In this case, our proof is similar to one given by Macdonald [Mac72], with the interesting twist that
instead of the localization formula, Macdonald uses the Lefschetz fixed point formula for the left
multiplication by an element of T .
Remark A.4. For Schubert varieties in finite flag manifolds, the theorem holds over an algebraically
closed field of arbitrary characteristic. This is because Schubert classes form a basis of the Chow
ring of G/B [Bri97, §3, Corollary 1(iii)], thus the Poincare´ polynomial is independent of the choice
of the field (it only depends on the Weyl group).
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